Abstract. We study the Einstein-Vlasov system coupled to a nonlinear scalar field with a nonnegative potential in locally spatially homogeneous space-time, as an expanding cosmological model. It is shown that solutions of this system exist globally in time. When the potential of the scalar field is of an exponential form, the cosmological model corresponds to accelerated expansion. The Einstein-Vlasov system coupled to a nonlinear scalar field whose potential is of an exponential form shows the causal geodesic completeness of the space-time towards the future. The asymptotic behavior of solutions of this system in the future time is analyzed in various aspects, which shows power-law expansion.
Introduction
Particle systems are modeled statistically by distribution functions, which at any time represent the probability to find a particle in a given position, with a given momentum. The distribution functions contain a wealth of information and macroscopic quantities are calculated from these functions. The models being considered here are those in which collisions between particles are sufficiently rare to be neglected. The collection of these collisionless particles is described by Vlasov equations. For this reason, matter considered in these physical models is said to be collisionless matter or Vlasov matter.
The time evolutions of particle systems are determined by the interactions between the particles which rely on the physical situation. Each particle is driven by self-induced fields which are generated by all particles together. Naturally combinations of interaction processes are also considered but in many situations, one of them is strongly dominating and the weaker processes are neglected. In gravitational physics, these fields are described by the Einstein equations. The physical models concerned in this paper is described by the Vlasov equation which is coupled to the Einstein equations by means of the energy-momentum tensor. One application of the Vlasov equation coupled to this self-gravitating system is cosmology. The particles are in this case galaxies or even clusters of galaxies.
The simplest cosmological models are those which are spatially homogeneous. Spatially homogeneous space-times can be classified into two types; Bianchi models and the Kantowski-Sachs models. The models with a three-dimensional group of isometries G 3 acting simply transitively on spacelike hypersurfaces are Bianchi models. There are nine types I-IX, depending on the classification of the structure constants of the Lie algebra of G 3 . Those admitting a group of isometries G 4 which acts on spacelike hypersurfaces but no subgroup G 3 which acts transitively on 698 H. Lee Ann. Henri Poincaré the hypersurface are Kantowski-Sachs models. In fact, G 3 subgroup acts multiply transitively on two-dimensional spherically symmetric surfaces.
If we take as a cosmological space-time one which admits a compact Cauchy hypersurface, the Bianchi types which can occur for a spatially homogeneous cosmological model are only type I and IX and also Kantowski-Sachs models. Because of the existence of locally spatially homogeneous cosmologies, we take a larger class of space-times possessing a compact Cauchy hypersurface so that this allows a much bigger class of Bianchi types to be included. Since the Cauchy problem for the Einstein-Vlasov system is well posed, it is enough to define the class of initial data. Here is the definition. So the space-times considered here will be Cauchy developments of locally homogeneous initial data sets on some manifolds. Note that a complete Riemannian manifold is locally homogeneous if and only if the universal cover is homogeneous. For Bianchi models the universal covering space can be identified with a Lie group G. So the natural choice for G in this case is a simply connected three-dimensional Lie group. (For a detailed discussion on this subject we refer to [7, 8] .)
In this paper, we discuss the dynamics of expanding cosmological models, particularly accelerated expansion. There are two subjects concerning this rapid expansion. One is the very early universe close to the big bang (inflation) and the other is the present era (quintessence) supported by the observations of supernovae of type Ia.
One simple way to obtain accelerated expansion is to introduce a positive cosmological constant, which leads to exponential expansion. In homogeneous spacetimes it has been studied by Wald in [11] with general matter which satisfies the dominant and strong energy conditions. When the matter is described by the Vlasov equation, the detailed asymptotics of solutions have been analyzed in [4] . In the inhomogeneous case Vlasov matter model has been studied in [5, 6] under some symmetric conditions. In [9] by Rendall, vacuum and perfect fluid cases are handled.
Another choice for accelerated expanding cosmological models, which is more sophisticated, is a nonlinear scalar field. It has been analyzed by Rendall in [10] that when the potential of the scalar field has a positive lower bound with general matter satisfying the dominant and strong energy conditions then the homogeneous models expand exponentially. In the case of an exponential potential, the models shows power-law expansion which has been studied in [2, 3] by Kitada and Maeda.
Bianchi type IX and Kantowski-Sachs models have complicated features when a positive cosmological constant or a nonlinear scalar field is present. It has been
